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Abstract

A hybrid system model of a 4-protein signaling mech-
anism within an array of cells in the Drosophila
melanogaster (fruit fly) wing is presented and analyzed.
‘While the protein interaction model between cells is bi-
ologically fairly well understood, the interaction result-
ing in spatial distribution of proteins within each cell
is not. We propose a weak interaction mechanism be-
tween proteins within each cell, and we incorporate this
with a model of the protein interaction between cells to
form a hybrid model, in which the continuous growth
and decay of proteins is modeled using continuous state
linear differential equations, and the discrete switches
which activate and deactivate proteins are modeled
using finite state machines. We then present a pre-
liminary model validation: equilibrium analysis of the
hybrid model provides allowable parameter ranges for
growth and decay rates, as well as conditions on the cell
network boundary conditions, for the biologically fea-
sible steady state protein concentrations to occur. We
conclude with a comparison of our analytical results
against experimental image data obtained in collabo-
ration with the tanford niversity chool of edicine:
we present the design of our image analysis algorithm
and results for time stamped images of protein local-
ization within the rosophila wing.

tr ct

he physical properties of the biological processes in-
volved in cell signaling make it well-suited for hybrid
systems modeling ( uan et al. 4, and hosh et al. ),
using a two-level hierarchical framework (Asthagiri et
al. ). At a low level, the spatio-temporal evolution
of protein concentration dynamics are governed by lin-
ear differential equations the second tier consists of
the logic network that activates or deactivates the con-
tinuous dynamics through discrete switches. he vari-
ables of the logic network are the protein concentration
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metrics from the lower level. hus, the two levels are
strongly interconnected, yet the system as a whole is
more amenable to analysis than is a general nonlinear
system.  he hybrid systems approach has been pre-
viously followed by the authors in modeling the elta-
otch signaling pathway ( hosh et al. ), and in mod-
eling other biomolecular networks (Alur et al. ).

his paper focuses on modeling the planar cell polarity
( ) signaling mechanism in Drosophila pupal wing
cells. Although the signaling network has been iden-
tified at the cell boundary, the intracellular signaling
mechanism between the cell edges and the cytoplasm
inside each cell has not yet been discovered. t is ob-
vious that some intracellular information transfer pro-
cess must exist that enables local signaling to pro-
duce a global pattern in the entire array. We propose
a model of the intracellular and intercellular signal-
ing pathways that produce this remarkable phenomena
of global patterning through local interactions.  he
model we are developing for this pro ect is for two di-
mensional planar arrays. owever, the model analysis
and simulation results presented here are for a unidi-
mensional string of cells: there is strong evidence (from
simulation) that the results obtained from our analy-
sis of a unidimensional system are directly applicable to
higher dimensional arrays, and hence the current analy-
sis is important for understanding the two dimensional
network as well.

he first section describes the biological background of
the problem, followed by the assumptions and require-
ments of a mathematical control model of this system.
his is followed by the enunciation of the formal hy-

igure : Drosophila adult wing epithelium. he figure
of a magnified portion of the wing to the right shows
the hairs pointing in a similar direction. ourtesy of
effrey Axelrod.



brid systems model for a single cell.  he second section
deals with the mathematical equilibrium analysis of the
model and the deduction of parameter constraints for
biologically significant steady-state behavior. his is
followed by simulations of a linear array of cells to val-
idate the parameter constraints on a large number of
cells. he final section details the quantitative analysis
of the image intensity data gathered from experiments
by rofessor effrey Axelrod in the tanford niver-
sity chool of edicine, and an attempt to extract use-
ful protein kinetic parameters, which is then compared
with our analytical result. A significant component of
this part of the pro ect is the design of an algorithm
for analyzing biological image data, which we describe
in this section. We conclude with a discussion of our
current work.

rb r at

ca ac r
n adult Drosophila, each epithelial cell on the wing
produces a single hair, or trichome. he hairs grow
from the distal (towards the wing tip) pole of each
cell and all point in the same direction, towards the
wing tip, as shown in igure his phenomenon is
caused by spatially asymmetric distributions of certain
proteins in the plane of the epithelium. he process by
which the proteins controlling hair polarization localize
to different areas within each cell during the develop-
ment of the fly is called planar cell polarity ( ) sig-
naling. he wing epithelial cells aggregate in a hexag-
onal close-packed array ( igure ). t is assumed that
cell-to-cell contact is required for signaling.

sing mutant clones, which lack the ability to produce
one or more of the core signaling proteins, it has been
possible to identify the sequence of the control cascade
for intercellular signaling (Axelrod , and ree
et al. ). ote that this signaling network only acts at
the cell membrane and thus requires direct contact be-
tween neighboring cells to be effective. he regulatory
cascade is drawn schematically in igure lamingo
( mi) localization at a particular cell membrane is pro-
moted (through intermediate signal transducers) by
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igure : our protein signaling network at the

cell boundary.

high levels of isheveled ( sh) concentration at the
boundary of the neighboring cell. mi promotes rickle
(k) localization at its own cell boundary, which in turn
inhibits rizzled ( z). z promotes sh co-localization
and sh then promotes mi localization in the mem-
brane of the neighboring cell, thus completing the loop.

xperimentally, it has been observed that, in steady
state, sh and z proteins localize to the distal edge
and k and mi to the proximal edge of all cells in the
array.

b ct s rr t s arc

he goal of our research is to propose a complete in-
tercellular and intracellular signaling model that: (a)
replicates the phenomenon of cell polarization, or the
localization in steady state of proteins within the cell,
ie, shand zlocalization distally, and k and mi
localization proximally (b) incorporates existing in-
formation about the boundary signaling mechanism
through the four protein network (c) proposes a frame-
work of information flow within the cell so that lo-
cal (transmembrane) signaling produces a global effect,
i e, the formation of patterns across cell networks and
(d) can be validated through protein localization data
made available to us through our interaction with ex-
periments by effrey Axelrod.

ur main contribution in this modeling effort is in
proposing novel intracellular interaction pathways and
analyzing the model directly for important parameters
controlling convergence to a particular steady state.

here are two possibilities for interaction pathways:
(a) weak interaction: this assumes that there is no di-
rect signaling channel between the proximal and distal
membrane edges and (b) strong interaction: this as-
sumes that part of the membrane edge is directly linked
through a pathway to the membrane at the other side
of the cell.

he strong interaction model is restrictive because it
assumes direct information flow across the cell, where
no such mechanism has yet been discovered in the cell.

he weak interaction model of intracellular signaling is
biologically preferred (i e, could represent diffusion),
and is the pathway we incorporate into our model. n
the following sections, we demonstrate, through analy-
sis and simulation, that the weak interaction model is
capable of reproducing steady state conditions with the
appropriate boundary conditions and parameter selec-
tion, and satisfies the required properties listed above.

he hybrid automaton model we propose in the fol-
lowing section is a control theoretic system with in-
ternal state variables, control loops and two distinct
discrete external inputs, which act through the mi re-
ceptors, which in turn regulate signaling. t must
be emphasized that the equilibrium analysis we per-
form gives the appropriate input ranges (and internal



parameter constraints) for the model to converge to a
desired steady state.

br At at

n our model, each biological cell is sub-divided into
three compartments (inspired by oe et al. ), one
compartment, each for the proximal and distal mem-
brane edges, and one compartment to model the cy-
tosol ( igure ), which contains the anterior and pos-
terior membrane walls as well. he protein concentra-
tion metric for each of the four proteins in the path-
way is a variable in each compartment, giving a total
of continuous variables per cell. We assume that
protein production occurs only in the cytosol and is de-
graded constitutively in all three compartments. here
is protein transfer in both directions between the cy-
tosol and the membrane edge compartments. owever,
transfer can only be unidirectional at any given time.
ince the protein signaling network given by igure

controls localization at the edges, we assume that the
local variables in the membrane compartments can di-
rectly control the direction of protein transfer, to or
from the cytosol. or example, if z concentration at
a membrane edge exceeds a threshold, it will switch
on the transfer of sh from the cytosol to that mem-
brane edge. f z falls below that threshold, sh will
be shunted back to the cytosol from the membrane.

ote that sh at a membrane edge controls mi local-
ization in the membrane of the neighboring cell, since
it is an intercellular signaling protein. Also, the cy-
tosol is considered to be a buffer, and the proteins in
the cytosol do not actively take part in the second-
tier logic network i e, they do not appear as inputs
to the discrete switching functions controlling protein
flow. We also postulate that there is no direct interac-
tion between the proximal and distal cell membranes.

herefore, all intercellular signaling acts through the
cytosolic buffer.

his leads to the formal definition of the hybrid au-
tomaton for a single biological cell:

where,

Proximal Membrane Distal Membrane

Comparlmen-t Compartment
P D
Cytosol String of Epithelial Cells
Compartment
igure : ompartmentalized Drosophila wing epithe-
lial cell.

where the s it hing n tion () is defined as:

{

he in ariants are given by the con unction of the in-
equalities defining each discrete state, or mode ie,
the set of inequalities that are satisfied if and only if
the automaton is in a given discrete state :

n the formal model, is the set of discrete states, or
modes, is the set of continuous state variables and
is the set of inputs to the system. here are eight
inputs, some of them being state variables, others are
boundary conditions. or example, , which
is 7z concentration in the proximal membrane, which
models the property that z promotes sh localization
to the proximal membrane. are the sh,
mi, z and k protein concentrations, respectively,
in the proximal membrane compartment
arethe sh, mi, zand k protein concentrations, re-
spectively, in the cytosol compartment
are the sh, mi, z and k protein concentrations,
respectively, in the distal membrane compartment
and are the sh protein concentrations in the neigh-
boring cell membrane on the proximal side and distal
side of the cell, respectively is the constitutive decay
rate of the proteins is the transport rate between
membrane and cytosol compartments is the con-
stant rate of production of the protein in the cytosol
are the switching thresholds for
sh, mi, =z and k protein transport, respectively.
ote that , , and  are positive constants gov-
erning the protein chemical kinetics, and are assumed



to be the same for all proteins (it is easy to relax this
assumption).

o model a two-dimensional sheet of cells, a multiple
cell hybrid automaton can be constructed by compos-
ing several single cell hybrid automata. ince the ex-
ternal inputs to each cell are well-defined and are fed
through the cell membrane, we can link several au-
tomata by feeding the membrane-bound sh protein
levels to the appropriate neighboring cell membrane,
where they are used to control mi localization. his
is done by assigning the appropriate internal state vari-
ables ( s) to the input (  and ) of the neighbor-
ing cells. he hybrid automaton defined above is de-
signed to incorporate another important property ob-
served from biological experiments: the total amount
of the signaling proteins remain constant in each cell.

he governing equations ensure that the only function
of signaling is protein localization, not growth or
decay in overall protein levels in a cell.  he cytosol
therefore produces only enough protein to counteract
natural degradation.

r st he total on entration o a parti
lar protein Dsh mi or i ea h ellis epen

ent onl on the pro  tion rate an the onstit ti e

egra ation rate an is in epen ent o the inp ts
to the h ri a tomaton

r he total concentration of a protein in a
cell is the sum of its concentrations in all three cellular
compartments. or example, the total amount of sh

in a cell, denoted by , is given by:
ubstituting the concentration dynamics for , and
from ( ) into the governing differential equa-
tion for below, we obtain:

imilarly, for the other proteins, we get:

ote that the governing equations for the total pro-
tein concentrations are time-invariant and autonomous.
herefore, the total amount of protein in a cell does not
depend on the signaling inputs. ™

A a ss

n this section, we perform an equilibrium analysis of
the single cell hybrid automaton to determine the pa-
rameter constraints required for the equilibrium of the

continuous dynamics of a particular mode to physically
exist in that mode. f the constraints are not satisfied
then that equilibrium ceases to be an equilibrium of
the hybrid automata. n the following, we denote the

boundary conditions as the value of the proximal and

distal edge inputs and respectively.
r st st ¢ bra he e
isten e o e ili ria ( ) o gi en

mn ale epen s on the s it hing threshol s
here the e isten e on itions

are gi en in a le

able : quilibria of the single cell automaton . f
the equilibria, only the important ones are listed.
able : xistence conditions for equilibria of
r he proof is constructed by formulating an

algebraic test for the existence of equilibria in each
mode. or the modal equilibrium point to exist, it
must belong to the set defining the mode, as given by
the intersecting half-spaces in hus, by substi-
tuting each equilibrium into its corresponding modal
invariant, we get a set of existence conditions for the
equilibria. We illustrate this process for one equilib-
rium point: for mode , able gives the equilibrium
as

_ - . he
corresponding modal invariant is

ecall that the discrete inputs



of  are defined as

. We sub-
stitute the corresponding equilibrium variable values in
the invariant, which gives us the equilibrium existence
condition for mode

his procedure has been automated usinga A A
script and was performed for all equilibria of the
hybrid automaton. n

r st he mo el illnotallo m ltiplee i
li ria sin e the onstraint sets or e i ri m e s
ten e liste in ale are 1is oint

his can be proved by looking at the modal invari-
ants defined in he subspaces defined by the
modal invariants are dis oint (i e, no two modes, or
discrete states, have intersecting regions because of the
way the inequalities are defined), and, since the equi-
librium existence conditions are derived from those dis-
oint sets, the existence conditions are dis oint in the
threshold parameter space. herefore, we can restrict
the number of attainable equilibria by choosing appro-
priate bounds on the switching thresholds.

he only biologically desirable steady state is that in
which sh and z localize on the distal cell boundary
and k and mi localize on the proximal boundary.

his corresponds to mode of the hybrid automa-
ton. f the thresholds are chosen to satisfy the con-
straints

and the boundary condi-
tions are chosen to satisfy
then the system has only one equilibrium, which is the
biologically observed one.  he boundary conditions
are the only inputs of the cell, and manipulating them
is necessary to force the cell to converge to a desired
steady state, as can be seen from the constraint sets
in able . We are in the process of designing an au-
tomated reachability analysis of this model (using an
algorithm similar to wang et al. ), which will give
us the region of attraction of the equilibrium, and the
input scheme required to force the system into this re-
gion.

at

xtensive simulations were carried out to validate the
equilibrium analysis of the hybrid model against exper-
imental biological data. owever, due to the paucity
of early time period data and the large sampling in-
terval, validation was done mainly with the observed
steady state behavior. imulations were carried out on
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igure 4: rotein localization for the hybrid model
with: (a) biologically appropriate boundary conditions
and parameter set, and (b) biologically infeasible pa-
rameter set. he dark areas indicate high concentra-
tion.

a linear string of cells. A large set of simulations was
performed, with parameters sampled from both inside
and outside the ranges determined in the previous sec-
tion.

he kinetic rate constants were assumed to be unity,
which results in time axis scaling but does not affect
the results otherwise. he initial conditions for all the
cells were assumed to be uniform. When the threshold
parameters (i e, , , and ) for the
string of cells were chosen to satlsfy the existence con-
ditions for the biologically feasible equilibrium in mode
of a single cell automaton, and there is a high con-
centration of sh protein at the proximal boundary (on
the left hand side of the figure), the model in our sim-
ulations converges to the correct localization pattern
i1e, sh and z localize at the distal boundary and
mi and k at the proximal one ( igure 4(a)). ow-
ever, if we choose our parameters outside the constraint
set for mode , the localization pattern goes awry,
as predicted by the equilibrium analysis. igure 4(b)
shows that at steady state, sh and z localize to both
boundaries, whereas k and mi do not localize to the



boundaries at all. his is caused by the incorrect pa-
rameter constraints and is an interesting result, as it
indicates that the parameter ranges determined ana-
lytically for a single cell are identical.

ct ar t s
t is also evident from analysis and simulation that the
boundary conditions, which are the only free inputs to
the system, are essential for biologically correct protein
localization. ndeed, for a single cell, the boundary con-
dition is part of the equilibrium existence conditions
and thus a necessary condition for the cell model to
converge to the desired equilibrium. n a chain of cells,
the effect of the boundary condition cascades down the
line from the edge with high sh concentration to the
free edge with no sh. he direction of protein local-
ization, and thus hair formation, can be reversed by
having high sh concentration at the distal boundary.
Also, in the absence of any boundary conditions, the
system becomes confused and the localization pat-
tern is disrupted in the middle. his demonstrates the
necessity of boundary conditions for proper cell polar-

ity.

r ta ata A a ss

n order to validate models of signaling and the
ranges of relevant rate constraints given by our analy-
sis, we used experimental data describing the protein
concentration distributions throughout a cell during
the development of the wing. he images were cap-
tured by effrey Axelrod, and provided to us in digi-
tal form. epending on the protein of interest, these
images were obtained either by immunofluorescence la-
beling or by using a transgenic fly containing a reen

luorescent rotein ( )-tagged version of the gene.
n the first technique, the fly wing is incubated with a
primary antibody that specifically binds to the protein
of interest, and then incubated with a secondary an-
tibody, which has a fluorescent molecule attached and
which binds to the primary antibody. n the second
technique, a A construct in which the gene encod-
ing is cloned in frame with the gene encoding the
protein of interest and is introduced into the genome of
a fly. wuch a transgenic fly will produce the protein of
interest that bears a tag, allowing it to fluoresce
when excited with an appropriate wavelength of light.
canning laser confocal microscopy is used to obtain
these images (Axelrod ).

he resulting image intensities indicate the protein
concentration distribution within cells throughout a
cell network. uch images are usually analyzed quali-
tatively to generally indicate when and where a protein
has localized. n our analysis, we attempt to quantify
the rate of protein localization indicated by the data.
We have designed a computer algorithm for detecting

() (b)

igure : esults of the cell and edge detection algo-
rithm. (a) riginal image of sh distribution  hours
after puparium formation, courtesy of . Axelrod. (b)

ell edge locations overlayed on the original image.

distinct cells and cell boundaries from an independent
wall marker image, which is ideally an image of the
distribution of a protein that localizes uniformly to the
cell membrane.  his allows us to infer the geometry
of the cell network (see igure ), against which the
direction and degree of localization for the proteins of
interest are measured. he intensities for a protein of
interest at locations corresponding to the cell walls are
then extracted from the images for that protein. A
weighted average intensity of each cell wall is calcu-
lated, where the weights are determined from the wall
marker image.

nce a protein has localized to the cell membrane,
there is no discernible difference between proximal and
distal localization or between anterior and posterior
localization.  lonal analysis, in which clones lacking
the tagged protein are induced in the developing
wing, can be used to distinguish between these direc-
tions, but such clones were not present in the data used
for this analysis.

he ratio of the average intensity at the proximal-distal
walls to the average intensity at the anterior-posterior
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igure : esults of the image analysis, measuring the
degree of protein localization as the mean ratio of the
average intensity at the proximal-distal walls to the
average intensity at the anterior-posterior walls of each
cell for (a) sh and (b) mi.



walls gives a measure of the degree of localization. e-
sults obtained from data for the localization of sh
and mi are plotted in igure . ata was collected
at , 4, ,and  hours after puparium formation.

he image analysis was performed on images for
each protein. ndependent wall marker images were
not available for this particular set of data. nstead,
the sh images were used to infer the cell geometry,
because sh does not localize to the proximal-distal
walls as strongly as mi. owever, sh does not lo-
calize to the membrane uniformly nor independently of
the proteins of interest, and so the wall pixel intensi-
ties were not weighted.  his plot supports the qual-
itative observation that these proteins localize to the
proximal-distal walls at about 4 hours. urthermore,
the analysis gives a measure of the relative degree of
localization between the two proteins.

he hybrid system model can be partially validated
by comparing the time evolution of the protein con-
centration ratios obtained from simulation, with the
data obtained from image analysis. he sh and mi
protein concentration ratios from simulation are plot-
ted in igure hese results were obtained by se-
lecting biochemical kinetic rates, and , to match
the steady state protein concentration ratios observed
from the biological experiment, and simulating a string
of  cells. he chosen threshold parameters satisfied
the constraints required for the biologically significant
equilibrium. he data points from the image analysis
match the simulation results. owever, there are tran-
sients in the simulation results which are not observed
in the experimental data. he transient oscillations in
simulation are due to the fact that the cells converge to
the equilibrium individually, not all at once. he con-
vergence phenomenon progresses in a wave moving
from the free boundary condition, at the wing tip, to-
wards the fly body end of the wing. his wave is not
observed in the experimental data, probably because
of the coarse experimental sampling rate (only 4 data
points were obtained in the experiment). Also, since no
experimental data for comparison is available before
hours, the simulation results for the period before

/[Dsh]
pmx\ma\/[Fmi] cytosol

[Fmi]

18 20 22 24 26 28 30 18 20 22 24 26 28 30
time time

igure : rotein concentration ratios from simulation
results.

hours have not been plotted in igure he image
analysis also shows a slight decrease in mi localiza-
tion to the proximal-distal walls at the  hour point,
which is not replicated in the simulation. effrey Ax-
elrod s group is in the process of gathering images for
time stamps greater than  so that we can understand
the steady state behavior better.

C S

his paper describes an effort at modeling a very spe-
cific signaling pathway, planar cell polarity signaling in
the Drosophila pupal wing.  he model incorporates
a weak interaction pathway that is shown to be fea-
sible, and also gives us a least restrictive framework
in which to work. he paper also presents quanti-
tative image analysis done to validate the model and
mathematical analysis that produces constraints on the
parameters for biologically feasible behavior at steady
state, which we now plan to test experimentally. We
are currently doing a reachability analysis on the sys-
tem to prove convergence to the desired equilibrium.
Axelrod s group is also doing a series of biological ex-
periments with mutant flies that lack one or more of
the signaling proteins in particular areas of the wing.

his will provide more information about the effect of
boundary conditions on the global pattern. We are
also working to extend the model to two dimensional
arrays so that the wing pattern can be analyzed in its
entirety. t is our firm belief that a combination of
modeling, analysis and biological experimentation will
give us a better understanding of how local feedback
signaling results in incredibly robust global behavior,
and, ultimately, how to engineer such complex systems
in the future.



